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Logistic regression V.S. Linear Regression

Step 1 
define a set of 

function

Step 2 
goodness of 

function

Step 3     
pick the best 

function

Logistic regression Linear regression 

?

?

?

! " = 1
2&'

()' − " +' ,

"-,/ + = 0 +&23+3

Output: any value

Training data: +', ()'

()': a real number

2345 ← 23 − 7&
'
− ()' − "-,/ +' +3'
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1.1 Function set

! "#|% = ! %|"# ! "#
! %|"# ! "# + ! %|"( ! "(

If ! "#|% > 0.5 Output = class 1 
-./- Output = class 2

0

0.2

0.5

0.8

0 1 = 1
1 + -%3 −1

1 = 5% + 6
! "#|% = 0 1 = 0 5% + 6

Function set: 78,: % = ! "#|% including all different 5 and 6
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1.1 Function set
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⋮

! "

⋮
⋮

⋮
"
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Logistic regression V.S. Linear Regression

Step 1 
define a set of 

function

Step 2 
goodness of 

function

Step 3     
pick the best 

function

Logistic regression Linear regression 

?

?

! " = 1
2&'

()' − " +' ,

"-,/ + = 0 +&23+3

Output: any value

Training data: +', ()'

()': a real number

2345 ← 23 − 7&
'
− ()' − "-,/ +' +3'

"-,/ + = 8 0 +&23+3

Output: between 0 and 1
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1.2 Goodness of function

!∗, $∗ = argmax
+,,

- !, $

Training 
Data

./
0/

.1
0/

.2
01

.3
0/

⋯⋯

Assume the data is generated based on 5+,, . = 6 0/|. �
Given a set of ! and $, what is its probability of generating the data?

- !, $ = 5+,, ./ 5+,, .1 1 − 5+,, .2 ⋯5+,, .3

The most likely !∗ and $∗ is the one with the largest - !, $ : 
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1.2 Goodness of function

!∗, $∗ = argmax+,, - !, $

Training 
Data

./

0/
.1

0/
.2

01
.3

0/
⋯⋯

- !, $ = 5+,, ./ 5+,, .1 1 − 5+,, .2 ⋯5+,, .3

!∗, $∗ = argmin+,, − ln - !, $⟺
−ln - !, $ =

− ln 5+,, ./

− ln 5+,, .1

− ln 1 − 5+,, .2

./

<=/ = 1
.1

<=1 = 1
.2

<=2 = 0
⋯⋯

⋮

− <=/ln 5+,, ./ + 1 − <=/ ln 1 − 5+,, ./

− <=1ln 5+,, .1 + 1 − <=1 ln 1 − 5+,, .1

− <=2ln 5+,, .2 + 1 − <=2 ln 1 − 5+,, .2
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1.2 Goodness of function
! ", $ = &',( )* &',( )+ 1 − &',( ). ⋯&',( )0

− ln ! ", $ = ln &',( )* +ln &',( )+ + ln 1 − &',( ). ⋯+ln &',( )0

=4
0
− 560ln &',( )0 + 1 − 560 ln 1 − &',( )0

Cross entropy between two Bernoulli distribution

Distribution p:

7 ) = 1 = 560

7 ) = 0 = 1 − 560

Distribution q:

9 ) = 1 = & )0

9 ) = 0 = 1 − & )0

cross entropy 

: ;, < = −4
=
; = >? < =
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Logistic regression V.S. Linear Regression

Step 1 
define a set of 

function

Step 2 
goodness of 

function

Step 3     
pick the best 

function

Logistic regression Linear regression 

?

! " = 1
2&'

()' − " +' ,

"-,/ + = 0 +&23+3

Output: any value

Training data: +', ()'

()': a real number

2345 ← 23 − 7&
'
− ()' − "-,/ +' +3'

"-,/ + = 8 0 +&23+3

Output: between 0 and 1

! " =&
'
9 ()', " +'

Training data: +', ()'

()': 1 for class 1, 0 for class 2
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1.2 Goodness of function

Cross entropy 

L " = 1
2&'

()' − " +' ,L " =&
'
- ()', " +'

- ()', " +' = ()'ln "1,2 +' + 1 − ()' ln 1 − "1,2 +'

Why don’t we simply use square error as linear regression?
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Step 1 
define a set of 

function

Step 2 
goodness of 

function

Step 3     
pick the best 

function

!",$ % = ' ( +*+,%,

Training data: %-, ./-
./-: 1 for class 1, 0 for class 2 0 ! = 1

2*-
./- − ! %- 4

5 ./- − ! %- 4

5+,
= −2 ./- − ! %- 5!",$ %

56
56
5+,

= −2 ./- − ! %- !",$ % 1 − !",$ % %,

' 6 = 1
1 + 7%8 −66 =*

,
%,+, + (

./- = 1 If !",$ %- = 1 (close to target)

If !",$ %- = 0 (far from target)

⁄50 5+, = 0
⁄50 5+, = 0
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Step 1 
define a set of 

function

Step 2 
goodness of 

function

Step 3     
pick the best 

function

!",$ % = ' ( +*+,%,

Training data: %-, ./-
./-: 1 for class 1, 0 for class 2 0 ! = 1

2*-
./- − ! %- 4

5 ./- − ! %- 4

5+,
= −2 ./- − ! %- 5!",$ %

56
56
5+,

= −2 ./- − ! %- !",$ % 1 − !",$ % %,

' 6 = 1
1 + 7%8 −66 =*

,
%,+, + (

./- = 0 If !",$ %- = 1 (far from target)

If !",$ %- = 0 (close to target)

⁄50 5+, = 0
⁄50 5+, = 0
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1.3 Find the best function

− ln $ %, ' =)
*
− +,*ln -.,/ 0* + 1 − +,* ln 1 − -.,/ 0*

3 4 = 1
1 + 506 −44 =)

7
07%7 + '

8%7 8%7 8%7
8 ln -.,/ 0

8%7
= 8 ln -.,/ 0

84
84
8%7

84
8%7

= 07

8 ln -.,/ 0
84 = 1

3 4
83 4
84 = 1

3 4 3 4 1 − 3 4
0

0.2

0.5

0.8
9 :

;9 :
;:

< − =>,? @A @BA
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1.3 Find the best function

− ln $ %, ' =)
*
− +,*ln -.,/ 0* + 1 − +,* ln 1 − -.,/ 0*

3 4 = 1
1 + 506 −44 =)

7
07%7 + '

8%7 8%7 8%7
8 ln 1 − -.,/ 0*

8%7
=
8 ln 1 − -.,/ 0*

84
84
8%7

84
8%7

= 07

8 ln 1 − -.,/ 0*
84 = − 1

1 − 3 4
83 4
84 = 1

1 − 3 4 3 4 1 − 3 4

9:,; <= <>=
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1.3 Find the best function

− ln $ %, ' =)
*
− +,*ln -.,/ 0* + 1 − +,* ln 1 − -.,/ 0*

3%4 3%4 3%4

1 − -.,/ 0* 04* -.,/ 0* 04*

=)
*
− +,* 1 − -.,/ 0* 04* + 1 − +,* -.,/ 0* 04*

=)
*
− +,* − +,*-.,/ 0* − -.,/ 0* + +,*-.,/ 0* 04*

=)
*
− +,* − -.,/ 0* 04* %456 ← %4 − 8)

*
− +,* − -.,/ 0* 04*

Larger difference, 
larger update
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Logistic regression V.S. Linear Regression

Step 1 
define a set of 

function

Step 2 
goodness of 

function

Step 3     
pick the best 

function

Logistic regression Linear regression 

! " = 1
2&'

()' − " +' ,

"-,/ + = 0 +&23+3

Output: any value

Training data: +', ()'

()': a real number

2345 ← 23 − 7&
'
− ()' − "-,/ +' +3'

"-,/ + = 8 0 +&23+3

Output: between 0 and 1

! " =&
'
9 ()', " +'

Training data: +', ()'

()': 1 for class 1, 0 for class 2

2345 ← 23 − 7&
'
− ()' − "-,/ +' +3'
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! "#|% = ' (% + *

Find +,, +., /Find 0 and 1 directly 

02 = 3# − 35 6 Σ# 8#

1 = −12 3# 6 Σ# 8#3#

+12 35 6 Σ5 8#35 + ln=#=5

Shall we obtain the 
same set of 0 and 1 ?

The same model (function set), but different function is selected by 
the same training data.
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1

1

1

0

0

1

0

0
Training 

Data

2.1 Toy example

×4 ×4 ×4

Class 1 Class 2 Class 2 Class 2

1

1
Testing

Data
Class 1?
Class 2?

" #|%& = " ()|%& " (*|%&

How about Naïve Bayes?

×1
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1

1

1

0

0

1

0

0
Training 

Data

2.1 Toy example

×4 ×4 ×4

Class 1 Class 2 Class 2 Class 2

" #$ = 1|($ = 1

×1

" ($ = 1
13 " #* = 1|(* = 1

" #$ = 1|(* = 4
12" (* = 12

13 " #* = 1|(* = 4
12
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Training 
Data

2.1 Toy example

! "# = 1|'# = 1

1

1

1

0

0

1

0

0
×4 ×4 ×4

Class 1 Class 2 Class 2 Class 2

×1

! '# = 1
13 ! "* = 1|'* = 1

! "# = 1|'* = 4
12! '* = 12

13 ! "* = 1|'* = 4
12

1

1
Testing

Data

! '#|" = ! "|'# ! '#
! "|'# ! '# + ! "|'* ! '*

=
1× 1

13
1× 1

13 +
1
9×

12
13

= 3
7

! "|'# = ! "# = 1|'# ! "* = 1|'# = 1×1 = 1

! "|'* = ! "# = 1|'* ! "* = 1|'* = 4
12×

4
12 =

1
9

< 1. 3
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2.2 Characteristics of Generative models

n Focus on probability distributions of the data
n With the assumption of probability distribution, they can generate samples;

n More powerful with less of examples
n With the assumption of probability distribution, less training data is needed.

n Can generate new samples
n Can be used in semi-unsupervised learning and unsupervised learning 

n Priors and class-dependent probabilities can be estimated from 
different sources
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Characteristics of Discriminative models Previous Lecture
n Focus on decision boundary

n they do not allow one to generate samples from the joint distribution !(", #) ;

n More powerful with lot of examples
n Whenever the training data is big ,the accuracy for future data will be good.

n Not designed to use unlabeled data
n Most discriminative models are inherently supervised and cannot easily be extended 

to unsupervised learning.

n Outperform generative models at conditional prediction tasks
n When the number of parameters is limited, for tasks such as classification and regression that 

do not require the joint distribution.
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2.3 Multi-class classification !":$", &" '" = $" ) * + &"
!,: $,, &, ', = $, ) * + &,
!-: $-, &- '- = $- ) * + &-

'"

',

'-

. ./0 ÷ 2" = 3./0 4
56"

-
./7

. ./8 ÷ 2, = 3./8 4
56"

-
./7

. ./9 ÷ 2- = 3./9 4
56"

-
./7

+ 4
56"

-
./7

Softmax function

Probability: 0 < 25 < 1; ∑5 25 = 1.

3

1

-3

20

2.7

0.005

0.88

0.12

0
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2.3 Multi-class classification

!" = $" % & + ("
!) = $) % & + ()
!* = $* % & + (*

&

Softm
ax

+"
+)
+*

+
,+"
,+)
,+*

,+
cross entropy 

−.
/
012 34 12

If & ∈ class 1

,+ =
1
0
0

If & ∈ class 2

,+ =
0
1
0

If & ∈ class 3

,+ =
0
0
1
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1

1

1

0

0

1

0

0

Class 1 Class 2 Class 2 Class 1

!"
!#

!#
+

%

&"

&#

!" ' (

' = &"!" + &#!" + %

* y ≥ 0.5 Output = class 1
y < 0.5 Output = class 2

!#

!"

y ≥ 0.5

y ≥ 0.5 y < 0.5

y < 0.5
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!"
+

$

%&

%"

!& ' (

!"

!&

!"

!&

Sorry, we can’t…
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!"

!#

How to classify this ?
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!"

!#

!"$

!#$

Solution 1: Feature Transformation

!#
!" → !#$

!"$

0
1

1
1

0
0

1
0

!#$ : distance to 00
!"$ : distance to 11

1
1

2
0

0
2

Not always easy 
to find a good 
transformation
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!"

!#

!$%

!#%!"%

Solution 2: Map data to higher dimension: SVM

0
1

1
1

0
0

1
0

0
0
0

1
1
2

0
1
0

Φ: !#!" →
!#%
!"%
!$%

=
!#"
!""
2!#!"

ℝ" → ℝ$

1
0
0
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Solution 3: Cascading logistic regression models

!"

+

$%

&%
&'

!%
(% !%)

+

$"

(" !")
&"
&*

+

$'

(' +

&,

&-

Feature transformation
Classification
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Solution 3: Cascading logistic regression models

!"

+

$%

&%
&'

!%
(% !%)

+

$"

(" !")
&"
&*

!"

!%

!%) = 0.73 !%) = 0.27

!%) = 0.27 !%) = 0.05

!"

!%

!") = 0.05 !") = 0.27

!") = 0.27 !") = 0.73
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Solution 3: Cascading logistic regression models

!"

!#

!#$ = 0.73 !#$ = 0.27

!#$ = 0.27 !#$ = 0.05

!"

!#

!"$ = 0.05 !"$ = 0.27

!"$ = 0.27 !"$ = 0.73

!#$

!"$
+

-.

/. 0
12
13

!"$

!#$

0.05,0.73

0.73,0.050.27,0.27
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+

+

+ +

Neuron

Neural Network
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