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1. Logistic Regression

Logistic regression V.S. Linear Regression Previous Lecture

Step 1 Step 3

define a set pick the best
of function function function




1. Logistic Regression

Logistic regression V.S. Linear Regression
Logistic regression
Step 1

define a set of
function ?

Linear regression

fwp(x) =Db+ Z Wi X;

Output: any value

Step 2
goodness of f?
function -

Training data: (x™, ™)

y™. a real number

1 2
LD =3) (" - &™)

Step 3

pick the best ?
function

Wip1 < W —1) Z - ()A’n - fw,b(xn)) X
n



1. Logistic Regression

1.1 Function set

1
o(z) =
PG 1) P(x|C)P(Cy) @ =13 exp(—z)
X) =
! P(x|C1)P(Cy) + P(x|C)P(Cy)
If P(C{|x) > 0.5 Output = class 1 08
else  Output = class 2
0.5
Z=wx+Db
0.2
P(Ci|x) =0(z) = a(wx + b)
0

Function set: f,, ,(x) = P(C;|x) including all different w and b



1. Logistic Regression

1.1 Function set

1

0(z) = 1+ exp(—2z)

— w,b (Cllx) 0.8+

0.5

0.2/

0



1. Logistic Regression

Logistic regression V.S. Linear Regression

Logistic regression Linear regression
Step 1
define a set of fwp(x) =0 <b + Z Wixi> fwp(x) =b+ z WX
function _
Output: between 0 and 1 Output: any value

S Training data: (x™, ™)
te
goodngss of ? y™: a real number

functi 1
unction L) = Ez(yn B f(x"))z

Step 3

pick the best ? Wir1 < Wi =1 Z - ()7" ~ fw,b (x")) X
function n




1. Logistic Regression

1.2 Goodness of function

1 2 3

X X

Training oo X
Data ¢ ¢ G Cy

Assume the data is generated based on f,, ,(x) = P(Cy|x) ;

Given a set of w and b, what is its probability of generating the data?

L(W: b) — fw,b(xl) fw,b(xz) (1 _ fw,b(xg)) "'fw,b (xn)
The most likely w* and b* is the one with the largest L(w, b):

w*, b* = argmax L(w, b)
w,b



1. Logistic Regression

1.2 Goodness of function  L(w,b) = funs(xY) fu,p () (1 = fup () - fup &™)

Training * % X" X X’ <
Data c, C G, C pl=1 92=1 $3=0
w*, b* =argmaxL(w,b) << w*,b* =argmin—InL(w,b)
w,b w,b
—InL(w,b) =
—In £y, () — |90 fup D) + A= 9 In (1 - £, (D)

—1In fiyp(x?) - :yzln fwp(x*) + (1 =3 In (1 - fW'b(xz)):
—In (1 — fw,b(xg)) - :yglnfw,b(xg) + (1 - 5;3) In (1 - fw,b(xg))

10



1. Logistic Regression

1.2 Goodness of function

L(w,b) = fiy,p () fiup(x?) (1 - fwb<x3>) “ funp £™)

Cross entropy between two Bernoulli dlstrlbution
Distribution p: cross entropy Distribution q:
p(x =1) = P° mmme——) (= 1) = f(x")
_ — 1 _ n — — 1 — n
PE=0=1-3" H@p,q=-) p@n(qw) 1*=0=1-fGD
X

11



1. Logistic Regression

Logistic regression V.S. Linear Regression

Logistic regression Linear regression
Step 1
define a set of fwlb(x) =0 <b + Z Wixi> fw,b (X) =b+ Z WiXi
function _
Output: between 0 and 1 Output: any value
Training data: (x™, ™) Training data: (x™, ™)
Step 2 ~ .
goodness of y™. 1 for class 1, O for class 2 y™: areal number
function 1 . 2
LN =) cO™fam) LN =5) (" - FGM)
n n
Step 3
pick the best ? Wir1 < Wi =1 z - ()7" ~ fw,b (x")) X
function n

12



1. Logistic Regression

1.2 Goodness of function

Cross entropy

CE™ FG™) = 9™ fiup (™) + (1 = ) In (1= £, ™)

n

Why don’t we simply use square error as linear regression?

13



1. Logistic Regression

Step 1 1
: — E Y = E Wi + b =
def:‘ﬂﬁcatigﬁt of fW,b (x) =0 (b + Wlxl> Z Xiw; + o(z) 1+ exp(—

i

¥

Step 2 Training data: (x™, ™) 12 . 2
oodness of L - = n_ n
funclor $™: 1 for class 1, 0 for class 2 ) =5 . 3" = F&™)

¥

Step 3 a(y — f(xn)) R 0fw b(X) 0z
w2 ) o,

= —2(37” — f(xn))fw,b(x) (1 B fW,b(x)) X

If £, ,(x™) = 1 (close to target) mmmm) 9L/dw; = 0
If £, »(x™) = 0 (far from target) =) 9L/dw; =0

z)

14



1. Logistic Regression

Step 1 1
: — E Y = E Wi + b =
def:‘ﬂﬁcatigﬁt of fW,b (x) =0 (b + Wlxl> Z Xiw; + o(z) 1+ exp(—

i

¥

Step 2 Training data: (x™, ™) 12 . 2
oodness of L - = n_ n
funclor $™: 1 for class 1, 0 for class 2 ) =5 . 3" = F&™)

¥

Step 3 a(y — f(xn)) R 0fw b(X) 0z
w2 ) o,

= —2(37” — f(xn))fw,b(x) (1 B fW,b(x)) X

If £, (x™) = 1 (far from target) mmmm)p 9L/dw; = 0
If £, ,(x™) = 0 (close to target) =) 9L/dw; =0

z)

15



1. Logistic Regression

1.3 Find the best function 1

1+ exp(—2z)

Z=2xiwi+b O'(Z)=

i

—InL(w,b) = ) = [9In fup ™ F (1 = 9™ In (1= £, ™) )]

n

aWi aWi aWi
dlnfyp(x) dlnfyp(x) 0z o(z)
ow; 0z ow; >0
0z
= x, 1 — fw, (xn) xTil 0.5
ow; g ( ’ ) 9o (2)
d1nf,, 1 0 1 o
n];Z,b(x) - — Ga(ZZ) B c(2)(1 - 0(2)) \

B O'(Z) 0

16



1. Logistic Regression

1.3 Find the best function

1
Z=2xiwi+b O'(Z)=1+exp(_z)

i

n

dw; dw; I _0w; _ _,
oI (1 - fwpG™)  9ln(1-f,,(™) a7 \
dw; B 0z dw; fwp(x™) xif
0z
6wi -
0 In (1 — fwb (Xn)) 1 da(z) 1

0z T 1-0(z2) 9z 1=o(7) 0(2)(}/0‘@)

17



1. Logistic Regression

1.3 Find the best function

(1= funGM)xl fupGM AL

—InL(w,b) = z - lﬁ”ln fwp(x™ + (1= ™) In (1 — Jwpb (x")):]

dw;
=N 57 (1~ o &™) A+ (1= 9 ) 27

n

= D = (9" = fun ™) 27

n

dw; I ow; |

Larger difference,

= z —|9" — P BT — frop (X)) + Dm0 | T larger update

Wit1 < Wi —1 2 - (9" - fw,b(xn)) X'
n

18



1. Logistic Regression

Logistic regression V.S. Linear Regression

Step 1

define a set of
function

Step 2

goodness of
function

Step 3

pick the best
function

Logistic regression

fwp(x) =0 <b + Z Wixi>

Output: between 0 and 1

Linear regression

fwp(x) =Db + Z Wi X;

Output: any value

Training data: (x™, ™)

y™. 1 for class 1, O for class 2

L) = ) O™ FGm)

Training data: (x™, ™)

y™: areal number

1 2
LD =3) (" - &™)

Wip1 & W —1) Z - (37” ~ fw.p (xn)) X
n

Wiy1 €< W; — 1) Z — ()7” — fw,b(xn)) x;'
n

19
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2. Generative & Discriminative

P(Ci{|x) =o(wx + b)

Find w and b directly Find ut, u?, z

wl = (/11 _ MZ)T(Zl)_l
Shall we obtain the

1 INT 1\—1,.,1

same setofwand b ? b=—§(u)(2) u
1 N
S 2 \T (v2\—1,,2 1
+2(u) (Z9) " u +ln—N2

The same model (function set), but different function is selected by
the same training data.



2. Generative & Discriminative

2.1 Toy example

Trgia"tg‘g 3 X 1 g x4 g x4 g x4

Class 1 Class 2 Class 2 Class 2

Testing 0 Class 1?2 How about Naive Bayes?
Data Class 2?
0 P(chi) — P(x1|Ci)P(x2|Ci)

22



2. Generative & Discriminative

2.1 Toy example

Trgia"tg’g 3 X 1 g x4 g x4 g x4

Class 1 Class 2 Class 2 Class 2

1
P(C1):E P(x; = 1|¢) =1 P(x; =1|C) =1

4
P(x, = 1|C2) = =5

12 4
P(Cy) == P(x, = 11C) = — 12

13 12

23



2. Generative & Discriminative

2.1 Toy example

%4 Testing 0

Training
Data

Class 1 Class 2 Class 2 Class 2

1
P(C))=— Px;=1|C))=1 Plx,;=1|C;) =1 P(x|C;) = P(x; =1|C)P(x, = 1|C;) = 1x1 =1

13
12 4
P =13 Pl =55 P2 =UC) =55 pxigy) = Pl = 1CIP( = 11G) = 5 X1 = 5
P(x|C)P(Cy) 1x = 3
N 1
—— 13 ___Z <05

P(C — —
() = B GIeDPC) + PGICIP(C)  (x L1 12 7
13 " 9713



2. Generative & Discriminative

2.2 Characteristics of Generative models

Focus on probability distributions of the data

With the assumption of probability distribution, they can generate samples;

More powerful with less of examples

With the assumption of probability distribution, less training data is needed.

Can generate new samples

Can be used in semi-unsupervised learning and unsupervised learning

Priors and class-dependent probabilities can be estimated from

different sources



2. Generative & Discriminative

Characteristics of Discriminative models Previous Lecture

Focus on decision boundary

they do not allow one to generate samples from the joint distribution P(x, y) ;

More powerful with lot of examples

Whenever the training data is big ,the accuracy for future data will be good.

Not designed to use unlabeled data

Most discriminative models are inherently supervised and cannot easily be extended

to unsupervised learning.

Outperform generative models at conditional prediction tasks

When the number of parameters is limited, for tasks such as classification and regression that

do not require the joint distribution.
26



2. Generative & Discriminative

2.3 Multi-class classification Ci:wl,by z;=wl-x+bg

. 2 = 2 .
Probability: 0 < y; < 1; ¥, y; = 1. C2:w?, by z; =w* - X+ by

C3:W3,b3 Z3=W3'x+b3

Softmax function

27




2. Generative & Discriminative

2.3 Multi-class classification
Zl = W1 - X + bl
X Zy = W2 - X + bz

Z3=W3'x+b3

If x € class 1 If x € class 2
1
0.

p—

cross entropy
(— Y2
- z yiln(y;)

X

If x € class 3

5}:

— o S

28
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3. Limitation of Logistic Regression

"9 0O 0 0O
~ @ 0O @ O

Class 1 Class 2 Class 2 Class 1

y = 0.5 Output = class 1
y < 0.5 Output = class 2

30



3. Limitation of Logistic Regression

Mo
>_> f -7 Sorry, we can’t...
w2

X9 X,
® o
xl xl 31



3. Limitation of Logistic Regression

How to classify this ?

X2



3. Limitation of Logistic Regression

Solution 1: Feature Transformation

[Xl] [x{] x;: distance to
=3 0.
xZ xZ (1]

Not always easy
x5 distance to

to find a good
[ 0 ] transformation

V2

- =2

W

33




3. Limitation of Logistic Regression

Solution 2: Map data to higher dimension: SVM

]RZ —>]R3




3. Limitation of Logistic Regression

Solution 3: Cascading logistic regression models
Feature transformation

Classification

35



3. Limitation of Logistic Regression

Solution 3: Cascading logistic regression models

36



3. Limitation of Logistic Regression

Solution 3: Cascading logistic regression models

x; =073 @ x; =0.27

x; = 0.27 x; = 0.05

X2 @ xh =005 @ x, =027

xy =027  x}=0.73

@® (0.05,0.73)

@® (0.73,0.05)

37



3. Limitation of Logistic Regression

Neural Network

~f—>l~f~
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